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1 $A,$ $B,$ $.$ . $n\cross n$ Hermitian $A,$ $B$
(order) $A\geq B$ $A-B$ positive (semi-definite)
$f(t)$ $[0, \infty)$ $A\geq 0$




$A\geq B\geq 0\Rightarrow f(A)\geq f(B)$
$f(t)$ (operator monotone)
$\lambda f(A)+(1-\lambda)f(B)\geq f(\lambda A+(1-\lambda)B)$ $(A, B\in \mathcal{P};1\geq\lambda\geq 0)$




norm $|||\cdot||,|$ (strong) unitarily invariant
$|||UAV|||=|||A|||$ V unitary $U,$ $V$
norm $|||A|||$ $A$ (singular
value) ( $|A|6=-df(A^{*}A)^{1/2}$ ) unitarily invariant
norm $N$
unitarily invariant norm Ky Fan k-norm
$||\cdot||(k)(k=1,2, \ldots, n)$ .$\cdot$
$||A||(k)=def \sum^{k}i=1s_{i(A})$ .
$s_{1}(A)\geq s_{2}(A)\geq\ldots\geq s_{n}(A)$ $A$
Ky Fan dorninance theorem –
( Ando $[3|$ )
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1 $A,$ $B\geq 0$
(1) $||A||_{(k})\geq||B||_{(k})$ $(k=1,2, \ldots, n)$ , . ..
(2) $|||A|||\geq|||B|||$ $(|||\cdot|||\in N)$ ,
(3) $|||\varphi(A)|||\geq|||\varphi(B)|||$ ( $|||\cdot|||\in J\mathrm{V}’;\forall$ convex, increasing $\varphi(t)\geq 0$ ).
. $A\geq 0$ $\mathrm{K}\mathrm{y}$ Fan norm $\mathrm{K}\mathrm{y}$ Fan
2 $A\geq 0,$ $k=1,2,$ $\ldots.’ n$
$||A||_{(k})=. \sup_{v_{i},\mathit{0}.n}.\sum\langle Avi, v_{i}\rangle i=1^{\cdot}$
$||A||(1)$ spectral norm $||A||_{\infty}$ $||A||_{(n}$ ) trace norm $||A||_{1}def=$
$\mathrm{t}\mathrm{r}(|A|)$ spectral norm trace norm popular
unitarily invariant norm p-norm $(1\leq p<\infty)$ :
$||A||_{p}d\mathrm{e}=f\{\mathrm{t}\mathrm{r}|A|^{p})\}^{1}/p$ .
$\mathcal{M}_{+}$ $=$ { $f(t)$ ; operator monotone, $f(\mathrm{O})=0$ },
$C_{+}$ $=$ {$g(t)$ ; operator convex, $g(t)\geq 0,g(0)=0$ },
$\mathcal{I}_{+}$ $=$ { $h(t);h(t)\geq 0,$ $h(\mathrm{O})=0,$ $h^{-1}(t)$ operator monotone}.
3
(1) $f(t)\in \mathcal{M}_{+}$ $\alpha\geq 0$ $[0, \infty)$ $\mu(\cdot)$ –
$f(t)$
$f(t)= \alpha t+\int_{0}^{\infty}\frac{t}{t+s}d\mu(t)$
(2) $g(t)\in c_{+}$ $\alpha,$ $\beta\geq 0$ $[0, \infty)$ $\mu(\cdot)$ –
$g(t)$
$g(t)= \alpha t+\beta t^{2}+\int_{0}^{\infty}\frac{t^{2}}{t+s}d\mu(t)$
12
Kubo $-$ Ando [5]
Ando [1]
1
(1) $|||f(A+B)-f(A)|||\leq|||f(B)|||$ $(A, B\in \mathcal{P};f\in \mathcal{M}+;|||\cdot|||\in N)$ ,
(2) $|||g(A+B)-g(A)|||\geq|||g(B)|||$ $(A, B\in P;g\in c+;|||\cdot|||\in N)$ .
Hiai [4] norm subadditivity
superadditivity
(1) $|||f(A+B)|||\leq|||f(A)+f(B)|||$ $(A, B\in \mathcal{P};f\in \mathcal{M}_{+}; |||\cdot|||\in N)$ ,
(2) $|||g(A+B)|||\geq|||g(A)+g(B)|||$ $(A, B\in \mathcal{P};g\in c_{+} ; |||\cdot|||\in N)$ .
$h(t)=t^{p}(p\geq 1)$ Bhatia-Kittaneh [3]
(2)
2 $p=1,2,$ $\ldots$
$|||(A+B)^{p}|||\geq|||A^{p}+Bp|||$ $(A, B\in \mathcal{P};|||\cdot|||\in N)$ .
spectral norm $||\cdot||_{\infty}$ trace norm $||\cdot||_{1}$
([2], [3] )
(1) $A,$ $B\in P;0\leq p\leq 1$
$||(A+B)^{p}||\infty\leq||A^{p}+Bp||_{\infty}$ , $||(A+B)^{p}||1\leq||A^{p}+Bp||_{1}$. ,
(2) $A,$ $B\in P;1\leq p<\infty$
$||(A+B)^{p}||_{\infty}\geq||A^{p}+Bp||_{\infty}$ , $||(A+B)^{p}||1\geq||A^{p}+Bp||_{1}$ .
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(I) $|||g(A+B)|||\geq|||g(A)+g(B)|||$ $(A, B\in P;g(t)\in C_{+};$ $|||\cdot|||\in N)$ ,
(II) $|||h(A+B)|||\geq|||h(A)+h(B)|||$ $(A, B\in \mathcal{P};h(t)\in \mathcal{I}_{+};$ $|||\cdot|||\in N)$ ,
(III) $|||.f(A+B)|||\leq|||f(A)+f(B)|||$ $(A, B\in P;f(t)\in \mathcal{M}_{+};$ $|||\cdot|||\in N)$ ,











$\sum_{i=1}^{k}\langle\{f(A)+f(B)\}u_{i}, u_{i}\rangle\geq\sum_{i=1}^{k}\langle f(A+B)u_{i}, u_{i}\rangle$





$||f(A)+f(B)||(k)\geq||f(A+B\mathrm{I}||(k)$ $(k=1,2, \ldots, n)$
1 (III)
(III) $\Rightarrow(\mathrm{I}\mathrm{I})$ : $h(A),$ $h(B)\in P$ $h^{-1}(t)\in\Lambda\Lambda_{+}$ (III)
$|||h^{-1}(h(A)+h(B))|||\leq|||A+B|||$






$||A^{2}(A+s)^{-1}+B2(B+s)^{-}1||_{(k)}\leq||(A+B)2(A+B+S)^{-}1||_{(\text{ })}$ $(k=1,2, \ldots, n)$
3 (VI) $\Rightarrow$ (III)
$g(t)\in C_{+}$

















$[0, \infty)$ non-negative, increasing $\varphi(t)$
$||\varphi(A)||_{\infty}=\varphi(||A||_{\infty})=\langle\varphi(A)v_{1,1}v)$
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(I). $||g(A+B)||_{\infty}\geq||g(A)+g(B)||_{\infty}$ $(A, B\in P;g(t)\in C_{+})$ ,
(II) $||h(A+B)||_{\infty}\geq||h(A)+h(B)||_{\infty}$ $(A, B\in \mathcal{P};h(t)\in \mathcal{I}_{+})$
(III) $||f(A+B)||_{\infty}\leq||f(A)+f(B)||_{\infty}$ $(A, B\in P;f(t)\in \mathcal{M}_{+})$
(IV) $A,$ $B\in \mathcal{P}$ $A+B$
$u_{1}$




3 $A,$ $B\geq 0$ ‘ ‘ $A+B$ $\lambda_{1}$
$u_{1}$
$( \{(A+1)^{-1}+(B+1)^{-1}\}u_{1}, u_{1})\leq\frac{\lambda_{1}+2}{\lambda_{1}+1}=\langle\{1+(A+B+1)^{-1}\}u1, u1\rangle$ .
$C^{def}=A+B+1$ , $D=C-1/2(Adef+1)C^{-1/2}$
$A+1=C^{1/2}DC1/2$ , $B+1=C^{1/2}(1-D+C^{-1})c^{1/}2$
$(\lambda_{1}+1)^{-1}\leq C^{-1}\leq D\leq 1$
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